Lecture 4: Continuity
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A function is continuous at a number g if a is in the domain of fand lim,._,, f(x) = a.
An example of a continuous function:
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Another, but elementary way, of viewing continuity is that the graph can be drawn "without lifting your pen",
and therefore is continuous (doesn't have any breaks).

An example of a discontinuous function:
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"as x approaches 1 from the left"
ie. use 2nd part of definition
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If fis defined around a but not at a, we say f is discontinuous at a (of if f is defined but not
continuous).

More examples of discontinuous functions:
1) f(x) from earlier

Xt —x—2
2) f(x) =———- —J}_, rational function: gap at 2
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1 (might not be visible on graph but it is there
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3) f(x)=1%2
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4 flo= x2+5x + 6 -->gaps are zeroes of denominator = -2, -3 and
are also vertical asymptotes

A function f is continuous from the right at a number a if lim+f(x) = f(a) & from the left
x—-a

if xllrgl_f(x) = f(a).

Example:

—x+1+2, x <1
lim f(x) = 2, but:
x-1"

lim f(x) = 0, which is f(-1) Therefore fis continuous from the right
x-1* at 1, but not from the left

A function is continuous on an interval if it is continuous at every point in the interval.

Examples of continuous functions:
¢ polynomials
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e trigonometric {sin(x), cos(x), tan(x) on (-n/2, ©/2)}
e exponential functions

¢ root functions

¢ logarithmic functions

Theorem
If fand g are continuous at a and cis a constant, then the following are also continuous:
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Theorem
If fis a continuous function at b and limg(x) = b then lim f(g(x)) = f(b).
x—-a x—a
In other words: jlcl_r)r(ll(f(g(x)) =T f()lclir(ll(g(x))
swop limt and &

conhnuo\s funchpn
Example:
lim (\/xz — 1) = /lim(x2 -1)=v0=0
x—-1 x—1
Theorem

If g is continuous at a and fis continuous at g(a), then f o g is continuous at a.

The Intermediate Value Theorem
f continous on [a,b] then for any number N between f(a) and f(b) there is a point ¢ € (a, b]
such that f(c)=N

£¢)  (cort on (s, 5D

* theorem tells us that if we
go right from N, we will
definitely hit the graph

Limits at Infinity

x? -1
f(x)=x2+1

as x approaches infinity....
X y
10 0.980198

100 0.999800
1000 0.999998

y gets closer and closer to 1.

Definition
If a function f is defined on (a, o), then lim f(x) = L means that the values of f(x) can be
X— 00

made arbitrarily close to L by making x sufficiently large.
Also: lim f(x) = L if x is made sufficiently small.
X——00
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There is a horizontal asymptote if either lim f(x) = Lor lim f(x) = L.
X—00 X—>—00

Examples:
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